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Observational data from the ESA astrometric mission Gaia determining the positions of celestial
objects within an accuracy of few microarcseconds will be soon fully available. Other satellite-based
space missions are currently planned to significantly improve such precision in the next years. The
data reduction process needs high-precision general relativistic models, allowing one to solve the
inverse ray-tracing problem in the gravitational field of the Solar System up to the requested level of
accuracy and leading then to the estimate of astrometric parameters. Besides a satisfactory descrip-
tion of the background field due to the planets (which should include their multipolar structure),
one should consider also other effects which may induce modifications to the light propagation. For
instance, the interaction of the light signal with the superposed gravitational field of a gravitational
wave emitted by a distant source would cause a shift in the apparent positions of the stars. We
compute here the main astrometric observables needed for data reduction of satellite-based missions
in the presence of a passing plane gravitational wave. We also take into account the effect of the
mass quadrupole moment of the planets, improving previous results obtained for Gaia.
I. INTRODUCTION
The aim of modern astrometry is to determine, with
very high accuracy, the position and proper motion of the
stars from satellite-based angular observations. The ESA
mission Gaia launched in 2013 is expected to produce a
star catalog within an accuracy of few microarcseconds
[1, 2], but future space missions should reach a precision
of sub-microarcseconds or even nanoarcseconds (see, e.g.,
Refs. [3–6]). The fully general relativistic modelling nec-
essary to locate a celestial object with such an accuracy
requires a detailed account of the underlying measure-
ment process as well as a likewise accurate description of
the background gravitational field. The baseline model
for the Gaia data reduction is called the Gaia relativis-
tic model (GREM) [7–14]. This model has been recently
improved in Refs. [15, 16], where the light propagation
in the gravitational field of N arbitrarily moving bod-
ies of finite size has been determined in the first post-
Newtonian (PN) and in the 1.5PN approximation, re-
spectively. A different model called the relativistic as-
trometric model (RAMOD) has been formulated in Refs.
[17, 18] (see also Ref. [19] and references therein for fur-
ther developments). The astrometric observables asso-
ciated with Gaia have been recently computed in Ref.
[20] in the case of pointlike sources moving with constant
velocities.
It has also been suggested to use high-precision astrom-
etry to investigate the shift in the apparent positions of
the stars induced by gravitational waves (GWs) [21, 22].
The observed angular deflections are expected to be of
the order of the characteristic strain amplitude of the
wave and to have a characteristic pattern, so that mea-
suring them would allow for an indirect detection of the
GW itself. Various kinds of gravitational waves in this
context have been discussed so far, including a stochastic
GW background [23] and gravitational waves from local-
ized sources [24]. Gaia observes more than a billion stars
over an operating period of 5–10 years, locating each of
them about 80 times (in 5 years). The sensitivity band-
width of Gaia to GWs is estimated between 10−9 Hz and
10−5 Hz [25]. A technique to search for low-frequency
GWs in the Gaia dataset has been proposed in Ref. [26],
where it has been also tested in the case of a simulated
GW event produced by a supermassive black hole binary
system on a circular orbit. This method is complemen-
tary to the pulsar timing approach, which uses the precise
timing of millisecond pulsars to search for low-frequency
GWs and measure their polarization. The use of astrom-
etry to constrain the polarization content of GWs has
been discussed in Refs. [27, 28]. Astrometric signatures
of GWs can also be found in the residuals of the astro-
metric solution (which takes into account the deflection
of light due to solar system bodies only), if the period of
the GW is much smaller than the time span of the data,
as discussed in Ref. [25] in the case of a plane wave. The
parameters characterizing the GW will enter the astro-
metric model together with the source parameters (i.e.,
position, proper motion and parallax) and satellite pa-
rameters (attitude and calibration), but require a proper
estimation process to be determined.
The aim of the present work is twofold. We will study
the effect of a passing gravitational plane wave to the
main observables of a satellite-based astrometric mission
including Gaia, i.e., to the direction cosines measured
by the observer on the satellite which are related to the
along-scan and across-scan measurements. Furthermore,
we will extend the results of Ref. [20] by including the
effect of the quadrupole moment of the planets, which
cannot be neglected for astrometry at the microarcsecond
level of accuracy of Gaia, as discussed in Refs. [7, 9, 14,
15].
We follow here standard notations and conventions:
units are chosen so that c = 1 = G, but they are restored
2when necessary; the metric signature is +2; Greek indices
run from 0 to 3, whereas Latin indices run from 1 to 3;
unless differently specified, scalar product operation is
defined with respect to the spacetime metric.
II. SETUP OF THE PROBLEM
A. Coordinate choice and background spacetime
metric
The background spacetime consists of N gravitation-
ally interacting bodies, each associated with its own
world tube (approximated by a single world line, with
a certain number of multipolar fields defined all along
it). It is customary to identify a “global coordinate sys-
tem” xα = (ct, xi) with the origin at the center of mass
(COM) of the whole system and “N local coordinate sys-
tems” each attached with a single body. They are needed
to split the general problem into two parts: the “external
problem” aimed at determining the motion of the COMs
of the N bodies, and the “internal problem” aimed at
determining the motion of each body around its COM.
In the global coordinate system, the parametric equa-
tions of the N COM world lines LA (A = 1, . . . , N)
have equations zαA = z
α
A(τA), where τA is the proper
time parametrization along each world line. Local coor-
dinate systems, instead, can be, e.g., Fermi coordinates
XαA = (cTA, X
a
A) along the lines LA (or any similar set of
attached coordinates to these lines). A mapping between
the global and local set of coordinates is discussed in Ref.
[29].
If the spacetime region of interest never gets too close
to any specific body, the gravitational field can be con-
sidered a perturbation of the flat spacetime metric ηαβ
referred to standard Cartesian coordinates, i.e.,
g
(0)
αβ = ηαβ + h
M
αβ , (2.1)
where hMαβ denotes the gravitational field of the Solar
System bodies, i.e., the “matter” (M) field, and can be
expressed either in the global coordinates xµ or in any of
the N local coordinates XµA. We will work to first order
in h throughout the paper.
B. Perturbation by an incoming plane
gravitational wave
Let us consider a perturbation of this system induced
by a plane gravitational wave emitted by a distant source.
The complete metric (background plus perturbation) is
then given by
gαβ = ηαβ + h
M
αβ + h
GW
αβ , (2.2)
where both M and GW metrics can be treated as inde-
pendent first order corrections to the Minkowski metric.
For the sake of simplicity we will take the metric of a
monochromatic plane wave, which has the form
hGWαβ −
1
2
ηαβh
GWγ
γ = Re[Aαβe
ikαx
α
] , (2.3)
where Aαβ is a constant symmetric tensor, the polariza-
tion tensor, and k is a constant null vector, the wave vec-
tor. We will adopt the transverse-traceless (TT) gauge,
so that hGWαβ is traceless (i.e., h
GWα
α = 0) with nonva-
nishing components only on the plane orthogonal to the
direction k of propagation of the wave (i.e., hGWαβ k
β = 0),
implying that hGW0β = 0. The polarization tensor has only
two independent components, corresponding to the two
possible polarization states.
The gravitational fields associated with GWs are as-
sumed weak enough to be considered in the linear ap-
proximation. Their effects on the deflection of light add
linearly to those due to the Solar System bodies.
C. Fiducial observers and adapted frames
It is useful to introduce on the spacetime manifold an
observer family u, which forms a congruence of time-
like world lines characterized by the kinematical quanti-
ties acceleration a(u), expansion θ(u), and vorticity ω(u)
[30], resulting from the splitting of its covariant deriva-
tive ∇u ≡ ∇βuα = uα;β, i.e.,
a(u)α = uα;βu
β ,
θ(u)αβ = P (u)
γ
αP (u)
δ
β u(γ;δ) ,
ω(u)αβ = −P (u)
γ
αP (u)
δ
β u[γ;δ] , (2.4)
where P (u)αβ = δ
α
β + u
αuβ projects orthogonally to u.
Let us assume as fiducial observers those at rest with re-
spect to the global coordinates, i.e., the static observers,
with associated 4-velocity
u = uα∂α =
(
1 +
1
2
h00
)
∂0 , (2.5)
and kinematical fields with coordinate components
a(u)i = h0i,0 −
1
2
h00,i ,
θ(u)ij =
1
2
hij,0 ,
ω(u)ij = −h0[i,j] , (2.6)
so that for example a(u) = a(u)i∂i, θ(u) = θ(u)ijdx
i ⊗
dxj , etc. An observer-adapted orthonormal spatial frame
results in the following three vectors
e(u)xˆ = h0x∂0 +
(
1−
1
2
hxx
)
∂x , (2.7)
e(u)yˆ = h0y∂0 − hxy∂x +
(
1−
1
2
hyy
)
∂y ,
e(u)zˆ = h0z∂0 − hxz∂x − hyz∂y +
(
1−
1
2
hzz
)
∂z .
3D. Photon motion
Every astrometric model should be able to reconstruct
the trajectory of a light ray detected by an observer back
to the source, i.e., to solve the inverse ray-tracing prob-
lem (see, e.g., Ref. [31] for a recent fully explicit appli-
cation), up to the requested level of accuracy. In GREM
the photon trajectory is parametrized by the coordinate
time t, so that the null geodesic equations reduce to a
set of second order ordinary differential equations for the
spatial variables xa(t). These equations are solved by
imposing mixed initial-boundary conditions by fixing the
spatial coordinates of the photon at the time of emission
and the unit tangent vector to the light trajectory in
the infinite past, i.e., at infinite spatial distance from the
origin of the global coordinate system [7, 8, 32]. Differ-
ently, RAMOD provides a set of (equivalent) first order
ordinary differential equations for the coordinate compo-
nents of the spatial light direction in the rest frame of a
local static observer, i.e., its line of sight at each point
of the light trajectory, as functions of a suitably defined
non-affine parameter along the path [17, 18]. Further in-
tegration gives the coordinate position of the star. These
equations are integrated by imposing boundary condi-
tions at the time of observation in terms of the angular
directions of the incoming light ray with respect to the
spatial axes of a frame comoving with the satellite and
the coordinate position of the satellite’s trajectory (see,
e.g., Ref. [33] and references therein for additional de-
tails).
LetK be the tangent vector to the photon null geodesic
world line, i.e.,
Kα∇αK
β = 0 , KαKα = 0 , (2.8)
parametrized by the affine parameter λ such that Kα =
dxα/dλ. We will use the following decomposition of the
photon 4-momentum with respect to any given observer
family u [17, 18]
K = −(u ·K)u+ ℓ(u) ≡ E(K,u)u+ ℓ(u) , (2.9)
with ℓ(u)α = P (u)αβK
β the observer-relative (spatial)
momentum orthogonal to uα and E(K,u) = −u ·K the
observer-relative energy.
In place of λ Refs. [17, 18] introduce another non-affine
parameter σ for the orbit, such that
K¯α =
Kα
E(K,u)
=
dxα
dσ
, (2.10)
with
ℓ¯(u) =
ℓ(u)
E(K,u)
= K¯ − u , (2.11)
a unit (spatial) vector representing the observer-relative
direction of the momentum. σ is related to the affine
parameter λ by dσ = E(K,u)dλ, implying that Eq. (2.8)
becomes
K¯α∇αK¯
β = −
(
d
dσ
ln E(K,u)
)
K¯β . (2.12)
The observer-relative energy satisfies the equation
d
dσ
ln E(K,u) = −ℓ¯(u)αℓ¯(u)βθ(u)αβ − ℓ¯(u)
αa(u)α ,
(2.13)
so that Eq. (2.12) becomes
dK¯α
dσ
+ ΓαµνK¯
µK¯ν −
[
ℓ¯(u)µℓ¯(u)νθ(u)µν + ℓ¯(u)
µa(u)µ
]
K¯α = 0 , (2.14)
with Γαµν =
1
2η
αρ (hρν,µ + hρµ,ν − hµν,ρ) evaluated along the photon path. Equation (2.11) then implies
dℓ¯(u)α
dσ
+ Γαµν ℓ¯(u)
µ(ℓ¯(u)ν + uν) + a(u)α − k(u)ασ ℓ¯(u)
σ
−
[
ℓ¯(u)µℓ¯(u)νθ(u)µν + ℓ¯(u)
µa(u)µ
]
(ℓ¯(u)α + uα) = 0 , (2.15)
which is valid for any observer u. Hereafter we will adopt the simplified notation ℓ¯(u)α = ℓ¯α, being understood that
the direction of light propagation ℓ¯ is relative to the observer u. We will make explicit the dependence of ℓ¯α and the
metric components hαβ on the parameter σ along the orbit, when convenient.
For the static observers with 4-velocity (2.5) and kinematical fields (2.6) the previous equations become
dℓ¯0
dσ
= ℓ¯iℓ¯jh0i,j + ℓ¯
ih0i,0 , (2.16)
dℓ¯k
dσ
= −ℓ¯iℓ¯j
(
hki,j −
1
2
hij,k
)
− ℓ¯i(hk0,i + hki,0 − h0i,k)− hk0,0 +
1
2
h00,k
+ℓ¯k
[
1
2
ℓ¯iℓ¯jhij,0 + ℓ¯
i
(
h0i,0 −
1
2
h00,i
)]
, (2.17)
4to be completed by
dx0
dσ
= ℓ¯0(σ) + 1 +
1
2
h00(σ) ,
dxa
dσ
= ℓ¯a(σ) . (2.18)
These equations, valid through O(h), have been derived
in this form in Ref. [18]. Unfortunately, the equation for
ℓ¯0 is incorrect there (see Appendix B).
To first order O(h) the solution of Eqs. (2.16)–(2.18)
can be written as
ℓ¯0 = h0iℓ¯
i , ℓ¯a = ℓ¯a6 0+ ℓ¯
a
h , x
α = xα6 0+x
α
h , (2.19)
where ℓ¯a6 0 denotes the unperturbed local photon direction
and the parameter σ on the light ray trajectory is fixed
so that it is σ = 0 at the event of observation (i.e., at the
satellite position) with coordinates xαobs = (x
0
obs, x
i
obs).
The null condition to O(h) then implies
2ℓ¯ 6 0 · ℓ¯h + hℓ¯ 6 0ℓ¯ 6 0 = 0 , hℓ¯ 6 0ℓ¯ 6 0 = habℓ¯
a
6 0ℓ¯
b
6 0 . (2.20)
Therefore, the unperturbed orbit (which is a straight
line) can be written as
x06 0 = x
0
obs + σ , x
a
6 0 = x
a
obs + ℓ¯
a
6 0σ , (2.21)
with xαh(0) = 0. The “actual” (locally spatial) photon
direction evaluated at the observation point ℓ¯aobs = ℓ¯
a
6 0 +
ℓ¯ah(0) is considered fully known, being related to direct
observations and to the selected attitude of the observer’s
frame. Therefore, the solution of Eqs. (2.16)–(2.18) can
be written as
x0(σ) = x0obs + σ + x
0
h(σ) , (2.22)
xa(σ) = xaobs + ℓ¯
a
6 0σ + x
a
h(σ)
= xaobs + ℓ¯
a
obsσ + (x
a
h(σ) − ℓ¯
a
h(0)σ) , (2.23)
ℓ¯a(σ) = ℓ¯aobs + (ℓ¯
a
h(σ)− ℓ¯
a
h(0)) . (2.24)
Eq. (2.22) can be used in turn to switch to the coordinate
time parametrization of GREM, whereas evaluating Eq.
(2.23) at the spatial position xa∗ = x
a(σ∗) of the star gives
the components ℓ¯aobs at the observer’s position in terms
of the star coordinates (after eliminating the parameter
σ∗ through the normalization condition (2.20)).
E. Astrometric observables
1. Satellite adapted frame
The (timelike) satellite world line has 4-velocity U ,
U = γ(U, u)[u+ ν(U, u)] = Γ[∂0 + v
a∂a] , (2.25)
where Γ is a normalization factor and
ν(U, u) = ||ν(U, u)||νˆ(U, u) = ν(U, u)aˆe(u)aˆ ,
γ(U, u) = (1− ||ν(U, u)||2)−1/2 , (2.26)
so that U · U = −1 and va depend on t only.
An adapted frame to this world line can be obtained
by boosting the orthonormal threading frame {u, e(u)aˆ}
along U , i.e.,
E0ˆ = U ,
Eaˆ = e(u)aˆ +
(U · e(u)aˆ)
γ(U, u) + 1
(U + u) , (2.27)
with Eaˆ · U = 0, are the axes e(u)aˆ of the observer u as
seen by the observer U . The normalization factor Γ in
Eq. (2.25) is given by
Γ = Γ0
[
1 + Γ20
(
1
2
h00 + h0v +
1
2
hvv
)]
, (2.28)
with Γ0 = (1− v
2)−1/2, where the notation h0v = htav
a,
hvv = habv
avb and v2 = δabv
avb has been used. In terms
of the coordinate components of the spatial velocity the
frame components ν(U, u)aˆ and the associated Lorentz
factor γ(U, u) are
ν(U, u)xˆ = vx
[
1 +
1
2
(h00 + hxx) + h0v
]
+ hxyv
y
+hxzv
z ,
ν(U, u)yˆ = vy
[
1 +
1
2
(h00 + hyy) + h0v
]
+ hyzv
z ,
ν(U, u)zˆ = vz
[
1 +
1
2
(h00 + hzz) + h0v
]
,
γ(U, u) = Γ0
{
1 + Γ20
[(
1
2
h00 + h0v
)
v2 +
1
2
hvv
]}
,
(2.29)
to first order in h.
The satellite attitude frame is specified by a suitable
spatial rotation of the adapted triad (2.27)
Faˆ = EbˆR
bˆ
aˆ , (2.30)
where the rotation matrix can be equivalently
parametrized by either three Euler angles, or the
Cayley-Klein parameters or even the modified Rodrigues
parameters (see, e.g., Eq. (53) in Ref. [20] for Gaia).
We will refer to them as attitude parameters ai.
2. Main observables
Following the notation of Ref. [18], let
cosψ(aˆ,K) =
K · Faˆ
(−U ·K)
∣∣∣∣
obs
(2.31)
=
ℓ¯(u) · Faˆ
γ(U, u)(1− ν(U, u) · ℓ¯(u))
∣∣∣∣
obs
,
be the aˆ-th direction cosine measured by the observer
on the satellite. Each observation can be translated in
5the measurement of two coordinates, cosφ on the focal
plane (along-scan), and sin ζ orthogonal to it (across-
scan), which are related to the direction cosines (2.31)
by [20]
cosφ =
cosψ(1ˆ,K)
| sinψ(3ˆ,K)|
, sin ζ = cosψ(3ˆ,K) . (2.32)
Repeated observations of the same objects from differ-
ent satellite orientations and at different times allow to
estimate their astrometric parameters, i.e., angular posi-
tions, parallaxes, and proper motions, as shown in Ref.
[20]. From a computational point of view, these observa-
tions produce a large number of equations, which is much
larger than the number of unknowns. Furthermore, the
latter enter the observation equations in a highly nonlin-
ear way in general, so that a nonlinear optimization al-
gorithm should be needed. However, assuming that the
initial values of all unknown parameters are close enough
to the true ones, one can linearize the system of equa-
tions with respect to the unknowns around a known set
of reference values. The solution through a least-squares
method eventually provides the catalog and associated
uncertainties (we refer to Ref. [20] and references therein
for a detailed account of the Gaia data analysis).
We will write the solution for the direction cosines as
the sum of two contributions, i.e.,
cosψ(aˆ,K) = [cosψ(aˆ,K)]
(0) + [cosψ(aˆ,K)]
GW , (2.33)
where [cosψ(aˆ,K)]
(0) is the part of cosψ(aˆ,K) due to the
“background” field (2.1), i.e., to the gravitational field
of the Solar System, and [cosψ(aˆ,K)]
GW is the correction
due to the gravitational wave.
III. THE GRAVITATIONAL FIELD OF THE
SOLAR SYSTEM
The Solar System is assumed to be isolated and de-
scribed by the following metric in the Barycentric Celes-
tial Reference System (BCRS) as recommended by the
IAU resolution B1.3 (2000) [34]
g
(0)
00 (t, x
i) = −1 + 2ǫ2V − 2ǫ4V 2 +O(6) ,
g
(0)
0i (t, x
i) = −4ǫ3V i +O(5) ,
g
(0)
ij (t, x
i) = δij [1 + 2ǫ
2V ] +O(4) , (3.1)
where ǫ = 1/c and O(n) = O(ǫn), the functions V =
V (t, xi) and Vi = Vi(t, x
i) denoting the potentials associ-
ated with the gravitational field. The BCRS coordinates
are harmonic, since the metric (3.1) satisfies the gauge
conditions ∂β(
√
−g(0)g(0)αβ) = 0 = g(0)µνΓ(0)αµν , that
is
∂tV + ∂iV
i = 0(4) . (3.2)
The gravitational potentials V and V i are given by
V (t, xi) =
N∑
A=1
VA(t, x
i) , V i(t, xi) =
N∑
A=1
V iA(t, x
i) ,
(3.3)
where the individual contribution of the A-th body is
computed in the local coordinate system (cTA, X
i
A) at-
tached with it in terms of two families of intrinsic multi-
pole moments, mass ML and spin SL moments, defined
through the associated energy-momentum tensor [29].
In order to meet the microarcsecond level of accuracy
it is enough to keep terms in the metric (3.1) up to the
order O(3) included. Furthermore, the sources can be
assumed to move with a constant velocity relative to the
global reference system. They can also be considered as
nonrotating and endowed with a quadrupolar structure,
with a time-independent mass quadrupole moment. It
is enough to take into account the contribution of giant
planets only, which can be modeled as (flattened) ho-
mogeneous axisymmetric ellipsoids of revolution, whose
principal axes are aligned with the spatial axes of the
global coordinate system. Such approximations are ex-
tensively discussed in Refs. [7–9, 14, 15, 32].
The gravitational potentials of the A-th source are then
given by
VA(t, x
i) = hA(t, x
i) , V iA(t, x
i) = hA(t, x
i)v˜iA ,
(3.4)
with [9]
hA =
GMA
rA
[
1− J2A
(
ReqA
rA
)2
P2
(
z − zA
rA
)]
, (3.5)
where riA = x
i − xiA(t) are the coordinates of the A-th
body with the origin fixed at the center of mass of the
whole system, so that
rA(t, x
i) =
[
(x− xA(t))
2 + (y − yA(t))
2 + (z − zA(t))
2
]1/2
,
(3.6)
with xiA(t) = x
i
A(tA,0) + v˜
i
A(t − tA,0), tA,0 denoting a
given reference time. P2(x) =
1
2 (3x
2− 1) is the Legendre
polynomial of degree n = 2, MA the mass of the A-th
body, ReqA its equatorial radius, and the coefficient J2A
the dimensionless mass quadrupole parameter. In the
following we will remove the subscript A for simplicity
and we will retain terms up to the order O(3) in the
expansion of perturbation quantities.
The solution of the photon equations of motion is then
given by [20]
ℓ¯a(σ) = ℓ¯aobs + ǫ
2
{
2[1− 2ǫ(v˜ · ℓ¯ 6 0)]H
a(σ)
−(3ℓ¯a6 0 − 4ǫv˜
a)(h(σ) − hobs)
}
+ 2ǫ3ℓ¯a6 0H
t(σ)
= ℓ¯a6 0 + ℓ¯
M a
h , (3.7)
6with (v˜ · ℓ¯ 6 0) = δabv˜
aℓ¯b6 0, and
x0(σ) = x0obs + σ + ǫ
2[1− 4ǫ(v˜ · ℓ¯ 6 0)]H(σ) ,
xa(σ) = xaobs + ℓ¯
a
obsσ + ǫ
2
{
2[1− 2ǫ(v˜ · ℓ¯6 0)]H
a(σ)
−(3ℓ¯a6 0 − 4ǫv˜
a)(H(σ) − hobsσ)
}
+ 2ǫ3ℓ¯a6 0H
t(σ) ,
(3.8)
where we have introduced the quantities
H(σ) =
∫ σ
0
h(σ)dσ , Ha(σ) =
∫ σ
0
[∂ah](σ)dσ ,
Ha(σ) =
∫ σ
0
Ha(σ)dσ , (3.9)
Ht(σ) =
∫ σ
0
[∂th](σ)dσ , H
t(σ) =
∫ σ
0
Ht(σ)dσ .
Finally, the normalization factor E turns out to be
E(σ) = 1 + ǫ2(h(σ)− hobs)− 2ǫ
3Ht(σ) , (3.10)
where the unperturbed value has been set equal to unity
without any loss of generality.
A solution to the photon equations of motion (2.16)–
(2.18) in the context of Gaia was already obtained in Ref.
[19] for uniformly moving quadrupolar bodies, by using a
different formulation. However, it is incorrect, as shown
in Appendix B below. The correct solution in the case
of pointlike sources moving with constant velocities was
recently presented in Ref. [20] in the same form as Eqs.
(3.7)–(3.10), with the functions (3.9) given in Appendix
B there. We will provide in Appendix A below the correct
solution for extended bodies also endowed with a mass
quadrupole moment, so improving the results of Ref. [20]
and fully correcting those of Ref. [19].
A. Astrometric observables
The spatial triad (2.27) adapted to the satellite world
line U becomes in this case
Eaˆ =
{
ǫva + ǫ3
[
va
(
v2
2
+ 3h
)
− 4hv˜a
]}
∂0
+
(
1− ǫ2h
)
∂a +
ǫ2
2
vavb∂b +O(4) . (3.11)
The direction cosines (2.31) are thus given by
[cosψ(aˆ,K)]
(0) = [cosψ(aˆ,K)]
flat + [cosψ(aˆ,K)]
M , (3.12)
where
[cosψ(aˆ,K)]
flat = C aˆ · ℓ¯6 0 + ǫ[(v · ℓ¯6 0)(C aˆ · ℓ¯6 0)−Caˆ · v]
+ǫ2[1 + ǫ(v · ℓ¯6 0)]
{
−
1
2
(v · ℓ¯6 0)(C aˆ · v) + (C aˆ · ℓ¯6 0)
[
(v · ℓ¯6 0)
2 −
v2
2
]}
+O(4) , (3.13)
is the flat spacetime value, whereas
[cosψ(aˆ,K)]
M = C aˆ · ℓ¯
M
h + ǫ[(Caˆ · ℓ¯6 0)(v · ℓ¯
M
h ) + (v · ℓ¯ 6 0)(C aˆ · ℓ¯
M
h )]
+ǫ2h[(C aˆ · ℓ¯6 0)(1 + 4ǫ(v · ℓ¯6 0))− 2ǫ(Caˆ · v)] +O(4) , (3.14)
is the first order correction due to the “matter” field,
which has to be evaluated at the position of the satellite,
i.e., for σ = 0. Here the notation (A · B) = δabA
aBb
has been used for the scalar product between three-
dimensional vectors. The coefficients Cbaˆ = R
b
aˆ are all
functions of the attitude parameters only.
Therefore, the aˆ-th direction cosine turns out to be
a function of the spatial position xa∗ of the star (or,
equivalently, its astrometric parameters) and the satel-
lite’s attitude represented by the parameters ai, i.e.,
[cosψ(aˆ,K)]
(0) = faˆ(x
i
∗, ai). The variation of this equa-
tion with respect to the parameters is easily computed
(see Section IV of Ref. [20]), leading to a linearized set
of equations around a known solution at the time of ob-
servation, which is then solved by using the least-square
method, as stated above.
IV. ASTROMETRIC EFFECTS INDUCED BY A
GRAVITATIONAL PLANE WAVE
Let us consider the perturbation due to a monochro-
matic gravitational plane wave with frequency ω trav-
elling along an arbitrary direction (with wave vector
k = ω∂0 + k
a∂a). In the TT-gauge the associated met-
ric has nonvanishing components hGWab = O(4) with (see,
7e.g., Ref. [25])
hGWab dx
adxb = (αh+ − βh×)dx
2 + (γh+ + βh×)dy
2
−h+dz
2
+2
(
−
ky
kx
γh+ +
kz
kx
δh×
)
dxdy
+2
(
kz
kx
h+ +
ky
kx
h×
)
dxdz
−2h×dydz , (4.1)
provided that kx 6= 0, with coefficients
α =
k2y − k
2
z
k2x + k
2
y
, β =
2kykz
k2x + k
2
y
,
γ = 1− α , δ =
k2x − k
2
y
k2x + k
2
y
, (4.2)
and polarization functions h+ = h
s
+−h
c
+ and h× = h
c
×−
hs×, with
hc+ = A
c
+ cosW , h
s
+ = A
s
+ sinW ,
hc× = A
c
× cosW , h
s
× = A
s
× sinW , (4.3)
and W = k · x = kαx
α. The two GW polarizations are
thus equivalently parametrized by four strain amplitudes
instead of two amplitudes and two phases. Note that
there exist many equivalent forms of the metric (4.1) de-
pending on the chosen parametrization of the direction
of propagation of the wave (see, e.g., Ref. [22], where
spherical-like coordinates are used instead).
The parametric equations of null geodesic orbits with
tangent vector K (see Eq. (2.8)) in the metric ηαβ+h
GW
αβ
are given by
x0(λ) = x00 + (E +B
t)λ+ Ctc(cosW (λ) − cosW0)
+Cts(sinW (λ) − sinW0) ,
xa(λ) = xa0 + (K
a
0 +B
a)λ+ Cac (cosW (λ)− cosW0)
+Cas (sinW (λ)− sinW0) , (4.4)
where the unperturbed 4-momentum is denoted by K0 =
E∂0 +K
a
0∂a, λ is an affine parameter and x
α
0 = x
α(λ =
0), so that
W (λ) = (K0 ·k)λ+W0 , W0 =W (0) = k ·x0 , (4.5)
provided that (K0 · k) 6= 0, and
Ctc = −
ω
2kx(K0 · k)2
{kx[(αA
s
+ + βA
s
×)K
2
0x + (−βA
s
× + γA
s
+)K
2
0y + 2K0yK0zA
s
× −K
2
0zA
s
+]
−2K0x[(kyγA
s
+ + kzδA
s
×)K0y + (−A
s
+kz +A
s
×ky)K0z]} ,
Cxc =
kx
ω
Ctc −
(K0zky +K0ykzδ −K0xkxβ)A
s
× −A
s
+(K0xkxα− γkyK0y +K0zkz)
kx(K0 · k)
,
Cyc =
ky
ω
Ctc +
[(K0z −K0yβ)kx −K0xkzδ]A
s
× −A
s
+γ(K0xky −K0ykx)
kx(K0 · k)
,
Czc =
kz
ω
Ctc +
(−K0xky +K0ykx)A
s
× +A
s
+(K0xkz − kxK0z)
kx(K0 · k)
, (4.6)
with Cαs = C
α
c (A
s
+ → A
c
+, A
s
× → A
c
×), whereas B
α are
O(h) arbitrary constants such that K0 · B = 0. The
tangent vector K to null geodesics is thus given by
K =
[
1 + (K0 · k)(C
t
s cosW − C
t
c sinW ) + B
t
]
∂0
+ [Ka0 + (K0 · k)(C
a
s cosW − C
a
c sinW ) +B
a] ∂a ,
(4.7)
where we have set the unperturbed photon energy E = 1
as before.
Let us introduce also in this case the decomposition
(2.9) of the photon 4-momentum with respect to the
static observers u = ∂0. We find E = 1 + E
GW for the
normalization factor, with
EGW = (K0 ·k)(C
t
s cosW (λ)−C
t
c sinW (λ))+B
t , (4.8)
so that the non-affine parameter σ parametrizing the
photon trajectory turns out to be
σ = (1 +Bt)λ + Ctc(cosW (λ) − cosW0)
+Cts(sinW (λ) − sinW0) , (4.9)
which can be easily inverted to yield λ as a function of σ.
The arbitrary constantBt can then be chosen so that E =
1 for σ = 0, i.e., Bt = −(K0 · k)(C
t
s cosW0 − C
t
c sinW0),
leading to
EGW(σ) = −(K0 · k)[C
t
s(cosW (σ)− cosW0)
+Ctc(sinW (σ) − sinW0)] . (4.10)
Furthermore,
ℓ¯(σ) =
[
Ka0 − (C
a
s − C
t
sK
a
0 ) cosW (σ)
+(Cac − C
t
cK
a
0 ) sinW (σ)
]
∂a
≡
(
Ka0 + ℓ¯
GW a
h (σ)
)
∂a , (4.11)
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x0(σ) = x00 + σ , (4.12)
xa(σ) = xa0 +K
a
0σ
+(Cac − C
t
cK
a
0 )(cosW (σ)− cosW0)
+(Cas − C
t
sK
a
0 )(sinW (σ)− sinW0) ,
where xα0 = x
α
obs, K
a
0 = ℓ¯
a
6 0 and we have set B
a = BtKa0 .
A. Astrometric observables
The spatial triad (2.27) adapted to the satellite world
line U in this case reads
Eaˆ = e(u)aˆ + v
a
(
1 +
v2
2
)
∂0 +
1
2
vavb∂b , (4.13)
where
e(u)xˆ =
(
1−
1
2
hGWxx
)
∂x , (4.14)
e(u)yˆ = −h
GW
xy ∂x +
(
1−
1
2
hGWyy
)
∂y ,
e(u)zˆ = −h
GW
xz ∂x − h
GW
yz ∂y +
(
1−
1
2
hGWzz
)
∂z ,
as from Eq. (2.7) with h0a = 0. The leading-order cor-
rection to the direction cosines then turns out to be
[cosψ(aˆ,K)]
GW = C aˆ · νˆ
GW
h obs , (4.15)
where (C aˆ · νˆ
GW
h obs) = δabC
a
aˆ νˆ
GW b
h obs and
νˆGW xh = ℓ¯
GW x
h +
1
2
hGWxx ℓ¯
x
6 0 + h
GW
xy ℓ¯
y
6 0 + h
GW
xz ℓ¯
z
6 0 ,
νˆGW yh = ℓ¯
GW y
h +
1
2
hGWyy ℓ¯
y
6 0 + h
GW
yz ℓ¯
z
6 0 ,
νˆGW zh = ℓ¯
GW z
h +
1
2
hGWzz ℓ¯
z
6 0 , (4.16)
which have to be evaluated at the position of the satellite,
i.e., for σ = 0, where
ℓ¯GW ah obs = −(C
a
s − C
t
sℓ¯
a
6 0) cosW0 + (C
a
c − C
t
c ℓ¯
a
6 0) sinW0 .
(4.17)
Including terms which are linear in the satellite velocity
we finally get
[cosψ(aˆ,K)]
GW = (C aˆ · νˆ
GW
h obs)[1 + ǫ(v · ℓ¯6 0)]
+ǫ
[
(C aˆ · ℓ¯6 0)
(
hGWℓ¯ 6 0v +
(
v · ℓ¯
GW
h obs
))
−(C aˆ · ν
GW
h obs)
]
, (4.18)
where hGW
ℓ¯ 6 0v
= hGWab ℓ¯
a
6 0v
b and
νxˆ GWh =
1
2
hGWxx v
x + hGWxy v
y + hGWxz v
z ,
ν yˆ GWh =
1
2
hGWyy v
y + hGWyz v
z ,
ν zˆ GWh =
1
2
hGWzz v
z , (4.19)
are the GW-dependent part of the frame components
(2.29) of the satellite’s spatial velocity.
Therefore, the aˆ-th direction cosine depends on
seven further parameters: the four strain parameters
hs+, h
c
+, h
s
×, h
c
× and three parameters k
a describing the
direction of the gravitational wave (or equivalently two
such parameters and the frequency ω). Unfortunately, in
this case one does not know any initial value for any of
these parameters, so that the least square method can-
not be applied. A GW detection algorithm has been pro-
posed in Ref. [25], using the technique of vector spherical
harmonics [35] and the HEALPix sky pixelization scheme
[36].
Let us conclude this section by comparing our results
with those of Book and Flanagan [23], who first computed
the change in the photon direction towards a distant as-
trometric source due to a plane gravitational wave. They
considered an observer at rest, with an adapted frame
parallel transported along his world line, so that our re-
sults cannot be directly related to those of Ref. [23]. The
photon 4-momentum is given there (Eq. (32)) by
K = ωobs
(
u− naˆE
(par)
aˆ
)
, (4.20)
where ωobs denotes the observed photon frequency (Eq.
(27)) and naˆ = na + δnaˆ, n denoting the unperturbed
direction and δn the O(h) correction (Eq. (39)), and
{u,E
(par)
aˆ } is a parallel transported frame along u (Eqs.
(30)–(31)), with
E
(par)
aˆ =
(
δba −
1
2
hGWab
)
∂b , (4.21)
which is suitably rotated with respect to the spatial frame
(4.13) (where one should also set va = 0). Direct com-
parison with the decomposition (2.9) gives ωobs = E and
ℓ¯a = −na − δna +
1
2
hGWab n
b , (4.22)
implying that −na = Ka0 = ℓ¯
a
6 0 and the O(h) corrections
to the coordinate components of the photon direction are
related by
ℓ¯GW ah = −δn
a −
1
2
hGWab ℓ¯
b
6 0 , (4.23)
recalling Eq. (4.11). Finally, Ref. [23] uses an affine
parametrization for the photon 4-momentum (4.20),
whereas the solution (4.11) for ℓ¯GW ah is given in terms
of the non-affine parameter σ given by Eq. (4.9), so that
one should also replace σ by λ before evaluating at the
observer to show the agreement with Eq. (39). However,
Ref. [23] does not discuss how to implement this model in
the case of an actual satellite-based astrometric mission,
as we have done before by computing the main satellite
observables.
9V. CONCLUDING REMARKS
The passage of a gravitational wave is expected to in-
duce a time-dependent periodic shift on the apparent po-
sitions of stars, entering the astrometric solution in a
characteristic way. We have computed the corrections to
the main observables of satellite-based astrometric mis-
sions due to the interaction with a monochromatic plane
gravitational wave in the RAMOD framework. Such cor-
rections turn out to depend on the characteristic param-
eters of the wave, associated with the amplitudes of the
two polarization modes, the direction of propagation and
the frequency. We have also improved the reference as-
trometric solution for Gaia by including the effect of the
quadrupole moment of the planets, generalizing previous
results [20]. The quadrupole contribution to the Gaia
observables could be directly implemented in the current
data processing. In contrast, detecting GW effects would
require suitable search algorithms, data compressing and
optimization techniques reducing the dimensionality of
the parameter space. The methods discussed in Refs.
[25, 26] are very promising, so that we expect that an
efficient algorithm will be soon available before the final
Gaia data release.
Future satellite-based astrometric missions are planned
to reach a significantly improved level of accuracy, so
that they are better suited to measure GW effects. In
the meantime, the description of the gravitational field
of the Solar System should become more accurate, by
including further PN terms in the gravitational potentials
as well as by relaxing some simplifying assumption on the
multipolar structure and proper motion of the planets
valid at the microarcsecond level only [15, 16, 38].
Appendix A: Light propagation in the field of
uniformly moving quadrupolar bodies
The solution of the photon equations of motion is
given by (3.7)–(3.10) in terms of the quantities (3.9),
which are listed below in the case of uniformly mov-
ing extended bodies endowed with mass quadrupole mo-
ment. It is enough to show the functions H(σ), Ha(σ)
and Ha(σ), because Ht(σ) = −δabH
a(σ)v˜b and Ht(σ) =
−δabH
a(σ)v˜b, from the relation ∂th = −v˜
a∂ah and the
assumed constant value of v˜a. We will write such func-
tions in the form
H(σ) = H(0)(σ) + ǫH(1)(σ) +O(2) ,
Ha(σ) = Ha(0)(σ) + ǫHa(1)(σ) +O(2) ,
Ha(σ) = Ha(0)(σ) + ǫHa(1)(σ) +O(2) , (A1)
since our solution is accurate up to the order O(3)
included. A solution for quadrupolar bodies in the
RAMOD framework has already been presented in Ref.
[19], but is affected by several mistakes, as shown in Ap-
pendix B. Our derivation discussed in Section III is dif-
ferent from that of Ref. [19] (a term-by-term comparison
is not possible), so we will give below the final solution
only for the momentum and orbit of the photon.
For the sake of simplicity we will drop the summation
symbol over the bodies in the gravitational potential h =∑N
A=1 hA as well as the label A, thus referring to a single
source with potential (3.5). Quantities in bold are three
dimensional vectors, i.e., a = ai∂i, so that both scalar
and cross product between them are meant to be the
standard operations in an Euclidean space and referred
to standard Cartesian coordinates, i.e., a · c = δija
icj
and (a× c)i = ǫijka
jck.
We will use the following definitions:
ba = [ℓ¯6 0 × (robs × ℓ¯6 0)]
a = raobs − ℓ¯
a
6 0(robs · ℓ¯ 6 0) ,
da = [ℓ¯6 0 × (v˜ × ℓ¯ 6 0)]
a = v˜a − ℓ¯a6 0(v˜ · ℓ¯6 0) , (A2)
so that b2 = δabb
abb = r2obs − (robs · ℓ¯6 0)
2, and
Cn =
1
rn
−
1
rnobs
, Fn =
(r · ℓ¯6 0)
rn
−
(robs · ℓ¯6 0)
rnobs
,
S = r − robs −
(robs · ℓ¯6 0)
robs
σ , (A3)
where
(r · ℓ¯ 6 0) = (robs · ℓ¯ 6 0) + σ +O(2) , (A4)
so that
r =
√
σ2 + r2obs + 2σ(robs · ℓ¯6 0) =
√
b2 + (r · ℓ¯6 0)2 ,
(A5)
and
Dan = d
a − n
bz
b2
(v˜ · b) ,
Xn = 1− n(ℓ¯
z
6 0)
2 , Y = (ℓ¯z6 0)
2 −
(bz)2
b2
. (A6)
1. Monopole solution
The correct solution for a uniformly moving mass
monopole has already been given in Ref. [20], although
not explicitly pointed out there. We recall it below for
completeness:
H
(0)
M (σ) = GM ln
[
r + (r · ℓ¯ 6 0)
robs + (robs · ℓ¯6 0)
]
,
HaM
(0)(σ) = GM
(
ℓ¯a6 0C1 −
ba
b2
F1
)
,
HaM
(0)(σ) = ℓ¯a6 0
(
H
(0)
M (σ)−
GM
robs
σ
)
−GM
ba
b2
S ,
(A7)
and
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H
(1)
M (σ) = (v˜ · ℓ¯ 6 0)H
(0)
M +
GM
r + (r · ℓ¯6 0)
[
r − robs + σ
robs + (robs · ℓ¯6 0)
(v˜ · b)− (v˜ · ℓ¯6 0)σ
]
,
HaM
(1)(σ) = (v˜ · ℓ¯ 6 0)H
a
M
(0)(σ)
+
GM
b2
{robs
r
Da2S − b
a
[
(v˜ · ℓ¯6 0)(robs · ℓ¯ 6 0) + (v˜ · b)
]
C1 + [b
a(v˜ · ℓ¯6 0)− ℓ¯
a
6 0(v˜ · b)]F1
}
,
HaM
(1)(σ) = (v˜ · ℓ¯ 6 0)H
a
M
(0)(σ) + ℓ¯a6 0H
(1)
M (σ)− d
aH
(0)
M (σ)
−
GM
b2
{[
ba(v˜ · ℓ¯ 6 0) + ℓ¯
a
6 0(v˜ · b)
]
S − rrobsD
a
2F1 +
ba
robs
[
(v˜ · ℓ¯6 0)(robs · ℓ¯6 0)− (v˜ · b)
]
σ
}
. (A8)
2. Quadrupole solution
For a mass quadrupole one gets (see also Ref. [37] for the static case)
H
(0)
Q (σ) = GM(R
eq)2J2
{
ℓ¯z6 0b
zC3 +
1
2
Y F3 +
1
2b2
(X3 + 2Y )F1
}
,
HaQ
(0)(σ) = GM(Req)2J2
{
ba
[
−3ℓ¯z6 0b
zC5 −
3
2
Y F5 −
1
2b2
(X5 + 4Y )
(
2
b2
F1 + F3
)]
+ℓ¯a6 0
[
1
2
X5C3 +
3
2
b2Y C5 +
ℓ¯z6 0b
z
b2
(
2
b2
F1 + F3 − 3b
2F5
)]
+ δaz
[
−
bz
b2
(
F3 +
2
b2
F1
)
+ ℓ¯z6 0C3
]}
,
HaQ
(0)(σ) = GM(Req)2J2
{
ba
[
1
2
Y C3 −
ℓ¯z6 0b
z
b2
(
2
b2
F1 + F3
)
+
1
2b2
(X5 + 4Y )
(
−
2
b2
(r − robs) + C1
)
+
[
1
2b2
(X5 + 4Y )
(
2
b2
+
1
r2obs
)
(robs · ℓ¯6 0)
robs
+
3
r5obs
(
ℓ¯z6 0b
z +
1
2
Y (robs · ℓ¯6 0)
)]
σ
]
+ℓ¯a6 0
[
1
2b2
(X5 + 2Y )F1 +
1
2
Y F3 +
ℓ¯z6 0b
z
b2
(
2
b2
(r − robs)− C1 + b
2C3
)
−
[
1
2r3obs
(
X5 + 3
b2
r2obs
Y
)
+
2ℓ¯z6 0b
z
b4
(
1 +
b2
2r2obs
(
1−
3b2
r2obs
))
(robs · ℓ¯6 0)
robs
]
σ
]
+δaz
[
bz
b2
(
C1 +
(robs · ℓ¯ 6 0)
r3obs
σ −
2
b2
S
)
+ ℓ¯z6 0
(
1
b2
F1 −
1
r3obs
σ
)]}
, (A9)
and
H
(1)
Q (σ) = GM(R
eq)2J2
{
−
(
ℓ¯z6 0D
z
−1 +
bz
b2
Dz1(robs · ℓ¯6 0)
)
F3 +
1
b2
[
−
1
b2
(robs · ℓ¯6 0)(2b
zDz2 +X1(v˜ · b)) + ℓ¯
z
6 0D
z
2
]
F1
+
[
1
2
Y (v˜ · b)− bz(Dz1 − ℓ¯
z
6 0(v˜ · ℓ¯6 0)) +
(
1
2
Y (v˜ · ℓ¯6 0) + ℓ¯
z
6 0d
z
)
(robs · ℓ¯ 6 0)
]
C3
+
1
2b2
(X3 + 2Y )[(v˜ · ℓ¯6 0)(robs · ℓ¯6 0)− (v˜ · b)]C1
}
,
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HaQ
(1)(σ) = GM(Req)2J2
{
3
[
ba
(
bz
b2
Dz1(robs · ℓ¯ 6 0) + ℓ¯
z
6 0D
z
−1
)
+ ℓ¯a6 0
(
−ℓ¯z6 0d
z(robs · ℓ¯6 0) + b
zDz1 −
3
2
Y (v˜ · b)
)
+da
(
−
1
2
Y (robs · ℓ¯ 6 0) + b
z ℓ¯z6 0
)]
F5
+
1
b2
[
ba
(
1
b2
(4Dz2b
z +X1(v˜ · b))(robs · ℓ¯6 0)− ℓ¯
z
6 0D
z
4
)
− ℓ¯a6 0
(
Dz2(b
z − ℓ¯z6 0(robs · ℓ¯6 0)) +
1
2
X3(v˜ · b)
)
−da
(
1
2
(X5 + 4Y )(robs · ℓ¯ 6 0) + b
z ℓ¯z6 0
)
− δaz
(
Dz2(robs · ℓ¯6 0) + ℓ¯
z
6 0(v˜ · b)
)]
F3
+
1
b4
[
2ba
(
2
b2
(2bzDz3 +X1(v˜ · b))(robs · ℓ¯6 0)− ℓ¯
z
6 0D
z
4
)
+ ℓ¯a6 0
(
2ℓ¯z6 0D
z
4(robs · ℓ¯ 6 0)− 2D
z
2b
z −X3(v˜ · b)
)
−da
[
(X5 + 4Y )(robs · ℓ¯ 6 0) + 2b
z ℓ¯z6 0
]
− 2δaz
(
Dz4(robs · ℓ¯6 0) + ℓ¯
z
6 0(v˜ · b)
)]
F1
+3
[
ba
(
−
(
ℓ¯z6 0d
z +
1
2
Y (v˜ · ℓ¯ 6 0)
)
(robs · ℓ¯6 0) + b
z(Dz1 − ℓ¯
z
6 0(v˜ · ℓ¯6 0))−
1
2
Y (v˜ · b)
)
+ℓ¯a6 0
((
−bz(Dz1 + ℓ¯
z
6 0(v˜ · ℓ¯6 0)) + Y (v˜ · b)
)
(robs · ℓ¯6 0)− b
2
(
ℓ¯z6 0D
z
−1 −
1
2
Y (v˜ · ℓ¯6 0)
))
−da
(
1
2
Y b2 + ℓ¯z6 0b
z(robs · ℓ¯ 6 0)
)]
C5
+
[
ba
2b2
(
(v˜ · b)− (v˜ · ℓ¯6 0)(robs · ℓ¯ 6 0)
)
(X5 + 4Y )−
1
2
daX5
+ℓ¯a6 0
(
−
bz
b2
ℓ¯z6 0
(
(v˜ · b)− (v˜ · ℓ¯6 0)(robs · ℓ¯6 0)
)
+ 5ℓ¯z6 0d
z +
1
2
X5(v˜ · ℓ¯6 0)
)
+δaz
(
−
bz
b2
(v˜ · ℓ¯ 6 0)(robs · ℓ¯6 0) + ℓ¯
z
6 0(v˜ · ℓ¯6 0)−D
z
1
)]
C3
+
1
b4
(
(v˜ · b)− (v˜ · ℓ¯6 0)(robs · ℓ¯6 0)
) [
ba(X5 + 4Y )− 2ℓ¯
a
6 0b
z ℓ¯z6 0 + 2δ
a
z b
z
]
C1
}
,
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HaQ
(1)(σ) = GM(Req)2J2
{[
ba
b2
(
−ℓ¯z6 0D
z
2(robs · ℓ¯ 6 0) + b
z(Dz1 − ℓ¯
z
6 0(v˜ · ℓ¯ 6 0))− Y (v˜ · b)
)
+ℓ¯a6 0
(
−
bz
b2
Dz1(robs · ℓ¯6 0)− ℓ¯
z
6 0D
z
−2 +
1
2
Y (v˜ · ℓ¯6 0)
)
+ da
(
−
bz
b2
ℓ¯z6 0(robs · ℓ¯ 6 0)−
1
2
Y
)]
F3
+
1
b2
[
2
ba
b2
(
−ℓ¯z6 0D
z
4(robs · ℓ¯6 0) + b
z(Dz1 − ℓ¯
z
6 0(v˜ · ℓ¯6 0))− Y (v˜ · b)
)
+ℓ¯a6 0
(
1
b2
(−2bzDz1 − (X5 + 2Y )(v˜ · b)) (robs · ℓ¯6 0) + ℓ¯
z
6 0(4D
z
1 − d
z) +
1
2
(X5 + 2Y )(v˜ · ℓ¯6 0)
)
−da
(
2
bz
b2
ℓ¯z6 0(robs · ℓ¯6 0) +
1
2
(X5 + 2Y )
)
− δaz
(
dz +
2
b2
ℓ¯z6 0(v˜ · b)(robs · ℓ¯6 0)− ℓ¯
z
6 0(v˜ · ℓ¯6 0)
)]
F1
+
[
ba
(
−
1
b2
(
bzDz1 + ℓ¯
z
6 0b
z(v˜ · ℓ¯6 0)
)
(robs · ℓ¯6 0)− ℓ¯
z
6 0d
z + Y (v˜ · ℓ¯6 0)
)
+ℓ¯a6 0
((
ℓ¯z6 0d
z +
1
2
Y (v˜ · ℓ¯6 0)
)
(robs · ℓ¯6 0)− b
z(Dz1 − 2ℓ¯
z
6 0(v˜ · ℓ¯6 0)) + Y (v˜ · b)
)
+da
(
−bz ℓ¯z6 0 +
1
2
Y (robs · ℓ¯6 0)
)]
C3
+
1
b2
[
ba
(
1
b2
(
−2bz(2Dz1 + ℓ¯
z
6 0(v˜ · ℓ¯6 0))− (X5 + 4Y )(v˜ · b)
)
(robs · ℓ¯6 0) + ℓ¯
z
6 0D
z
2 + (X5 + 4Y )(v˜ · ℓ¯ 6 0)
)
+ℓ¯a6 0
((
−ℓ¯z6 0D
z
2 +
1
2
(X5 + 2Y )(v˜ · ℓ¯6 0)
)
(robs · ℓ¯6 0) + b
z(Dz1 − 2ℓ¯
z
6 0(v˜ · ℓ¯6 0))
)
+da
(
1
2
(X5 + 4Y )(robs · ℓ¯6 0) + ℓ¯
z
6 0b
z
)
+ δaz
(
(Dz2 + ℓ¯
z
6 0(v˜ · ℓ¯6 0))(robs · ℓ¯6 0) + 2b
z(v˜ · ℓ¯6 0)
)]
C1
+
1
b4
[
2ba
(
2
b2
(2bzDz1 + (X5 + 4Y )(v˜ · b)) (robs · ℓ¯ 6 0)− ℓ¯
z
6 0D
z
4 − (X5 + 4Y )(v˜ · ℓ¯ 6 0)
)
+ℓ¯a6 0
(
2ℓ¯z6 0D
z
4(robs · ℓ¯ 6 0)− 2b
z(dz − 2ℓ¯z6 0(v˜ · ℓ¯6 0))− (X7 + 4Y )(v˜ · b)
)
+da
(
−(X5 + 4Y )(robs · ℓ¯6 0)− 2b
z ℓ¯z6 0
)
+ δaz
(
−2Dz4(robs · ℓ¯ 6 0)− 2ℓ¯
z
6 0(v˜ · b)− 4b
z(v˜ · ℓ¯6 0)
)]
S
+
[
1
r5obs
ba
((
−
r4obs
b4
(X5 + 4Y )(v˜ · ℓ¯6 0) +
r2obs
b2
(
ℓ¯z6 0D
z
4 +
1
2
(X5 + 4Y )(v˜ · ℓ¯ 6 0)
)
− 3
bz
b2
ℓ¯z6 0(v˜ · b)
+
3
2
Y (v˜ · ℓ¯6 0)
)
(robs · ℓ¯6 0)− 2
r4obs
b4
(2bzDz1 + (X5 + 4Y )(v˜ · b)) +
r2obs
b2
(
bzDz1 +
1
2
(X5 + 4Y )(v˜ · b)
)
+
3
2
Y (v˜ · b) + 3ℓ¯z6 0b
z(v˜ · ℓ¯ 6 0)
)
+
1
r3obs
da
(
bz
b2
ℓ¯z6 0(robs · ℓ¯6 0)−
1
2
Y +
1
2
r2obs
b2
(X5 + 4Y )
)
+
1
r5obs
ℓ¯a6 0
((
2
r4obs
b4
bz ℓ¯z6 0(v˜ · ℓ¯6 0) +
r2obs
b2
(
1
2
X3(v˜ · b) + b
z(Dz2 − ℓ¯
z
6 0(v˜ · ℓ¯6 0))
)
+
3
2
Y (v˜ · b)
+3ℓ¯z6 0b
z(v˜ · ℓ¯6 0)
)
(robs · ℓ¯6 0)−
r4obs
b2
ℓ¯z6 0D
z
4 − r
2
obs
(
ℓ¯z6 0D
z
−1 +
1
2
X5(v˜ · ℓ¯ 6 0)
)
−
3
2
b2Y (v˜ · ℓ¯ 6 0) + 3b
z ℓ¯z6 0(v˜ · b)
)
+
1
r3obs
δaz
(
1
b2
(
bz
b2
(b2 − 2r2obs)(v˜ · ℓ¯6 0) + ℓ¯
z
6 0(v˜ · b)
)
(robs · ℓ¯6 0) +
r2obs
b2
Dz4 +
bz
b2
(v˜ · b)− ℓ¯z6 0(v˜ · ℓ¯ 6 0)
)]
σ
}
.
(A10)
Appendix B: Correcting formulas in previous
RAMOD papers
The theoretical framework of the RAMOD model is
developed in Refs. [17, 18], whereas Ref. [19] contains
the main application to the Gaia context. Ref. [17] deals
with the static case. The generalization to the dynamical
case is discussed in Ref. [18], which however contains an
incorrect equation for the component ℓ¯0 of the relative-
observer spatial momentum (cf. Eq. (16) there with Eq.
(2.16) here). Finally, Ref. [19] has a number of results
requiring correction, which are summarized below.
1. The equation governing the evolution of ℓ¯0 along
the photon path given in Eq. (16) of Ref. [18] (see
13
also Eq. (2) of Ref. [19]) is incorrect. It should read
instead as in Eq. (2.16) above. In fact, the second
term in the right hand side of Eq. (2.16) can be
neglected at the order O(3), so that the disagree-
ment with Eq. (16) of Ref. [18] is due to the term
− 12∂0h00 there, which is clearly wrong. This can be
shown simply by taking the solution for ℓ¯0 in terms
of that for the spatial components ℓ¯a given by the
first equation of (2.19) (Eq. (14) of Ref. [18]). Dif-
ferentiating the latter with respect to σ and using
Eq. (2.18) then immediately gives the evolution
equation (2.16) for ℓ¯0, while it does not reproduce
Eq. (16) of Ref. [18], even at the order O(3). All
related formulas containing ℓ¯0 (or its explicit so-
lution after the metric is specified) in subsequent
RAMOD papers must reflect this change.
2. The gravitational potentials entering the spacetime
metric are written in Ref. [19] in terms of the re-
tarded time (see, e.g., Eq. (18) there in the case
of uniformly moving pointlike bodies), which is a
function of the global coordinates. The derivation
of the solution to the photon equations of motion
then proceeds without specifying this relation, gen-
erating unnecessary additional terms. The final so-
lution for the photon trajectory still contains re-
tarded quantities, so that it is never explicit. It
should necessarily be further transformed using the
relation tret = tret(t, x
i) and re-expressed in terms
of global coordinates, but this is not the case in
Ref. [19].
3. The authors claim that the congruence of static
observers is vorticity-free if the sources move with
constant velocity (see the sentence after Eq. (57)
in Ref. [19]). However, this is not the case. In
fact, the components of the vorticity tensor turn
out to be ω(u)ij = −h0[i,j] (see Eq. (2.6), where
h0i = −4ǫ
3
∑
A hA(t, x
i)v˜iA with potential (3.4) of
the A-th source), which vanish only if v˜iA ≡ 0, since
hA(t, x
i) and their spatial derivatives are nonzero.
In order to have a vorticity-free congruence one
should select as fiducial observers a different fam-
ily of observers, e.g., those with 4-velocity vector n
orthogonal to the t =constant hypersurfaces (see,
e.g., Ref. [30]). To O(h) we find
n =
(
1 +
1
2
h00
)
∂0 − h0i∂i , (B1)
with associated kinematical fields
a(n)i = −
1
2
h00,i ,
θ(n)ij =
1
2
hij,0 − h0(i,j) ,
ω(n)ij = 0 . (B2)
Equations (2.15) referred to n then imply
dℓ¯(n)0
dσ
= 0 ,
dℓ¯(n)k
dσ
= −ℓ¯(n)iℓ¯(n)j
(
hki,j −
1
2
hij,k
)
− ℓ¯(n)i(hki,0 − h0i,k) +
1
2
h00,k
+ℓ¯(n)k
[
ℓ¯(n)iℓ¯(n)j
(
1
2
hij,0 − h0i,j
)
−
1
2
ℓ¯(n)ih00,i
]
. (B3)
4. The solution for the photon trajectory is wrong in
the general case, i.e., for moving bodies. More-
over, it is also incorrect in the static case. In fact,
the integration of the photon equations is not car-
ried out correctly. Consider, for instance, Eq. (72)
in Ref. [19], which is correct. Further integrating
this equation would lead to Eq. (127) there, which
however has two missing terms, proportional to the
integration interval. Similar mistakes have propa-
gated throughout the paper.
The correct solution for uniformly moving extended
bodies endowed with a mass quadrupole moment is given
in Appendix A above.
Acknowledgments
The authors thank Prof. F. de Felice for useful discus-
sions on the RAMOD model over the years. A. G. also
thanks M. T. Crosta, M. G. Lattanzi and A. Vecchiato for
directing his attention to the main literature developing
the RAMOD approach during his past research fellow-
ship at the Astrophysical Observatory of Turin about two
years ago. In fact, careful checking of previous results on
the solution of light propagation in the gravitational field
of the Solar System led to the need to correct several for-
mulas and redo also the application to quadrupolar bod-
ies from a slightly different perspective, more suitable for
the computation of astrometric observables.
14
[1] T. Prusti et al., “The Gaia mission,” Astron. Astrophys.
595, A1 (2016)
[2] See the Gaia website at http://sci.esa.int/gaia/
[3] Nearby Earth Astrometric Telescope, see the website at
http://neat.obs.ujf-grenoble.fr/NEAT.html
[4] Wei-Tou Ni, “Astrod and Astrod 1-overview and
progress,” Int. J. Mod. Phys. D 17, 921 (2008)
[5] J. E. Plowman and R. W. Hellings, “Lator covariance
analysis,” Classical Quantum Gravity 23, 309 (2006)
[6] B. Christophe, P. H. Andersen, J. D. Anderson et al.,
“Odyssey: a Solar system mission,” Exp. Astron. 23,
529 (2009)
[7] S. A. Klioner, “Influence of the quadrupole field and ro-
tation of objects on light propagation,” Sov. Astron. 35,
523 (1991)
[8] S. A. Klioner and S. M. Kopeikin, “Microarcsecond as-
trometry in space: Relativistic effects and reduction of
observations,” Astron. J. 104, 897 (1992)
[9] S. A. Klioner, “A practical relativistic model of microarc-
second astrometry in space,” Astron. J. 125, 1580 (2003)
[10] S. A. Klioner, “Light propagation in the gravita-
tional field of moving bodies by means of Lorentz
transformation. 1. Mass monopoles moving with con-
stant velocities,” Astron. Astrophys. 404, 783 (2003)
[astro-ph/0301573].
[11] S. A. Klioner and M. Peip, “Numerical simulations
of the light propagation in the gravitational field of
moving bodies,” Astron. Astrophys. 410, 1063 (2003)
[astro-ph/0305204].
[12] S. A. Klioner, “Physically adequate proper reference sys-
tem of a test observer and relativistic description of
the GAIA attitude,” Phys. Rev. D 69, 124001 (2004)
[astro-ph/0311540].
[13] S. A. Klioner and S. Zschocke, “Numerical versus ana-
lytical accuracy of the formulas for light propagation,”
Class. Quant. Grav. 27, 075015 (2010) Erratum: [Class.
Quant. Grav. 27, 159801 (2010)] [arXiv:1001.2133 [astro-
ph.CO]].
[14] S. Zschocke and S. A. Klioner, “On the efficient compu-
tation of the quadrupole light deflection,” Class. Quant.
Grav. 28, 015009 (2011) [arXiv:1011.4899 [astro-ph.IM]].
[15] S. Zschocke, “Light propagation in the gravitational field
of N arbitrarily moving bodies in 1PN approximation
for high-precision astrometry,” Phys. Rev. D 92, no.
6, 063015 (2015) Addendum: [Phys. Rev. D 93, no. 6,
069903 (2016)] [arXiv:1509.07279 [astro-ph.IM]].
[16] S. Zschocke, “Light propagation in the gravitational field
of N arbitrarily moving bodies in the 1.5PN approxima-
tion for high-precision astrometry,” Phys. Rev. D 93,
103010 (2016) Erratum: [Phys. Rev. D 94, no. 2, 029902
(2016)] [arXiv:1605.08877 [gr-qc]].
[17] F. de Felice, M. T. Crosta, A. Vecchiato, M. G. Lattanzi
and B. Bucciarelli, “A General relativistic model of light
propagation in the gravitational field of the Solar Sys-
tem: The Static case,” Astrophys. J. 607, 580 (2004)
[astro-ph/0401637].
[18] F. de Felice, A. Vecchiato, M. T. Crosta, M. G. Lattanzi
and B. Bucciarelli, “A general relativistic model for the
light propagation in the gravitational field of the Solar
System: The dynamical case,” Astrophys. J. 653, 1552
(2006) [astro-ph/0609073].
[19] M. Crosta, A. Vecchiato, F. de Felice and M. G. Lat-
tanzi, “The Ray Tracing Analytical Solution within
the RAMOD framework. The case of a Gaia-like ob-
server,” Class. Quant. Grav. 32, no. 16, 165008 (2015)
[arXiv:1501.03705 [gr-qc]].
[20] M. Crosta, A. Geralico, M. G. Lattanzi and A. Vecchiato,
“General relativistic observable for gravitational astrom-
etry in the context of the Gaia mission and beyond,”
Phys. Rev. D 96, no. 10, 104030 (2017).
[21] V. B. Braginsky, N. S. Kardashev, I. D. Novikov and
A. G. Polnarev, “Propagation of electromagnetic radia-
tion in a random field of gravitational waves and space
radio interferometry,” Nuovo Cim. B 105, 1141 (1990).
[22] T. Pyne, C. R. Gwinn, M. Birkinshaw, T. M. Eubanks
and D. N. Matsakis, “Gravitational radiation and very
long baseline interferometry,” Astrophys. J. 465, 566
(1996) [astro-ph/9507030].
[23] L. G. Book and E. E. Flanagan, “Astrometric Effects of a
Stochastic Gravitational Wave Background,” Phys. Rev.
D 83, 024024 (2011) [arXiv:1009.4192 [astro-ph.CO]].
[24] S. M. Kopeikin, G. Schaefer, C. R. Gwinn and T. M. Eu-
banks, “Astrometric and timing effects of gravitational
waves from localized sources,” Phys. Rev. D 59, 084023
(1999) [gr-qc/9811003].
[25] S. A. Klioner, “Gaia-like astrometry and gravitational
waves,” Class. Quant. Grav. 35, no. 4, 045005 (2018)
[arXiv:1710.11474 [astro-ph.HE]].
[26] C. J. Moore, D. Mihaylov, A. Lasenby and G. Gilmore,
“Astrometric Search Method for Individually Resolvable
Gravitational Wave Sources with Gaia,” Phys. Rev. Lett.
119, no. 26, 261102 (2017) [arXiv:1707.06239 [astro-
ph.IM]].
[27] D. P. Mihaylov, C. J. Moore, J. R. Gair, A. Lasenby and
G. Gilmore, “Astrometric Effects of Gravitational Wave
Backgrounds with non-Einsteinian Polarizations,” Phys.
Rev. D 97, no. 12, 124058 (2018) [arXiv:1804.00660 [gr-
qc]].
[28] L. O’Beirne and N. J. Cornish, “Constraining the Po-
larization Content of Gravitational Waves with As-
trometry,” Phys. Rev. D 98, no. 2, 024020 (2018)
[arXiv:1804.03146 [gr-qc]].
[29] T. Damour, M. Soffel and C. m. Xu, “General relativistic
celestial mechanics. 1. Method and definition of reference
systems,” Phys. Rev. D 43, 3273 (1991).
[30] R. T. Jantzen, P. Carini and D. Bini, “The Many faces
of gravitoelectromagnetism,” Annals Phys. 215, 1 (1992)
[gr-qc/0106043].
[31] D. Bini, A. Geralico and R. T. Jantzen, “Position deter-
mination and strong field parallax effects for photon emit-
ters in the Schwarzschild spacetime,” Gen. Rel. Grav. 49,
no. 12, 151 (2017) [arXiv:1707.00955 [gr-qc]].
[32] S. M. Kopeikin and G. Schaefer, “Lorentz covariant the-
ory of light propagation in gravitational fields of arbi-
trary moving bodies,” Phys. Rev. D 60, 124002 (1999)
[gr-qc/9902030].
[33] F. de Felice and G. Preti, “Ray tracing in relativistic
astrometry: Stellar positions, stellar motion and error
budget,” Class. Quant. Grav. 23, 5467 (2006).
[34] M. Soffel et al., “The IAU 2000 resolutions for astrome-
try, celestial mechanics and metrology in the relativistic
framework: Explanatory supplement,” Astron. J. 126,
15
2687 (2003) [astro-ph/0303376].
[35] F. Mignard and S. Klioner, “Analysis of astrometric cat-
alogues with vector spherical harmonics,” Astron. Astro-
phys. 547, A59 (2012) [arXiv:1207.0025 [astro-ph.IM]].
[36] K. M. Gorski, E. Hivon, A. J. Banday, B. D. Wan-
delt, F. K. Hansen, M. Reinecke and M. Bartelman,
“HEALPix - A Framework for high resolution discretiza-
tion, and fast analysis of data distributed on the sphere,”
Astrophys. J. 622, 759 (2005) [astro-ph/0409513].
[37] D. Bini, M. Crosta, F. De Felice, A. Geralico and A. Vec-
chiato, “The Erez-Rosen metric and the role of the
quadrupole on light propagation,” Class. Quant. Grav.
30, 045009 (2013) [arXiv:1408.5264 [gr-qc]].
[38] S. Zschocke, “Light propagation in the gravitational field
of one arbitrarily moving pointlike body in the 2PN ap-
proximation,” Phys. Rev. D 94, no. 12, 124007 (2016)
Addendum: [Phys. Rev. D 95, no. 6, 069905 (2017)]
Erratum: [Phys. Rev. D 96, no. 4, 049906 (2017)]
[arXiv:1612.02236 [gr-qc]].
